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weight could be a natural corollary of the theoretical ex- 
pectation” that polymer interfacial tension, i.e. surface free 
energy, should increase with increasing chain length (owing 
to entropic constraints at the surface). Data do not appear 
to be available for uw-p, but this has long been known to 
occur for 

In summary, a phase diagram not previously reported 
for amorphous polymers a t  submonolayer coverage has 
been described. A spreading transition was observed with 
increasing molecular weight. 
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ABSTRACT The dynamical structure factor of a solution of rodlike polymers, recently derived by Doi, Shimada, 
and Okano ( J .  Chem. Phys.  1988,88, 4070), was rewritten in matrix form, the evaluation of which is quite 
easy and straightforward. With this formulation, it is possible to compute the dynamic light scattering spectrum 
of rigid rod suspensions in the entire region of k, t ,  and v, where k is the scattering vector, t the  delay time, 
and v the number concentration of the rods. Results of numerical computation show that the excluded-volume 
interaction affects only the spatially long and temporarily slow modes of fluctuation in the solution and suggest 
that it is necessary to generalize the osmotic virial coefficient A2 89 a function of kL, where L is the rod length. 
The  present analysis raises the possibility of studying the concentration dependence of DII, D,, and D, 
individually, where Dll and D ,  are self-diffusion coefficients for the lengthways and sideways translation of 
a rod, respectively, and D, is the rotational one. 

1. Introduction 
When we theoretically construct the dynamic light 

scattering (DLS) spectrum of rod suspensions a t  finite 
concentration, we have to take into account the transla- 
tion-rotation coupling of rod diffusion and various types 
of rod-rod interactions: In general, the translational and 
rotational diffusive motions of a rod in solution are coupled 
with each other, because the friction constant parallel to 
the rod axis is smaller than that perpendicular to the axis. 
When the rod concentration increases, we can no longer 
neglect such types of rod-rod interactions as the exclud- 
ed-volume interaction (the steric repulsion and van der 
Waals attraction between polymers), the entanglement 
effect (the topological constraint that filaments cannot pass 
through each other), and the hydrodynamic interaction. 

Doi, Shimada, and Okano’ (DSO) recently studied the 
dynamics of rodlike polymers in solution under the influ- 
ence of other polymers, taking all the above four factors 
into account: They started from a kinetic equation for the 
average number density f(r, u, t )  of rods, where r is the 
position vector of the center of a rod and u the orientation 
unit vector of the long axis of the rod. The equation they 
adopted is the one that expresses the coupled diffusion of 
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the translation and rotation of a rod: 

df = -[DII,ouu a + D,,o(I - uu)] at ar 
r 

where Dil,o and DL,o are the lengthways and sideways 
translational diffusion coefficients, respectively, h is the 
potential of an external field, Dr,o is the rotational diffusion 
coefficient, and R the rotational operator. The subscript 
0 of DI,o, DI,o, and Dr,O denotes zero polymer concentra- 
tion, and since eq 1 includes no interactions between rods, 
it holds only in the dilute regime. 

Next, they took into account the excluded-volume effect, 
using the mean-field approximation. Let W(r - r’, u, u’) 
be the interaction potential between two polymers in the 
configurations (r, u) and (r’, ut). In the mean-field ap- 
proximation, the molecular field for a polymer in the 
configuration (r, u) is written as 

Wr, u, t )  = Jdr’ I d u ’  W(r - r’, u, u’)f(r’, u’, t )  (2) 
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Yl,(u) with m = 0 in the case of polarized light scattering, 
and it is possible to express the dynamical structure factor 
g(k, t )  by using matrices and vectors. 

2.1. Vector Representation of sk(u). We take the 
scattering vector k as the polar axis and the angle between 
k and u as the polar angle 0. With this polar coordinate 
system, the function sk(u) does not include the azimuthal 
angle 4, and we can expand sk(u) with Legendre polyno- 
mials Pl(cos 0) or spherical harmonics Yl,(u) with m = 0. 
Using the familiar Rayleigh expansion of a plane wave 

exp(ik-r) = Eil(21 + l)jl(kr)Pl(cos 0) 

and the relation between Pl(cos 0) and Yl,(u), 

m 

I=O 

Therefore the kinetic equation for f(r, u, t )  a t  finite 
polymer concentration becomes 

where kBT has been set to unity. Note that diffusion 
coefficients D,,,  D,, and D, in this equation are all self- 
diffusivities a t  finite polymer concentrations. DSO re- 
garded these coefficients as adjustable parameters that 
depended on the polymer concentration, and thus they 
took into consideration the last two factors, the entan- 
glement and hydrodynamic interactions. 

Using the fluctuation-dissipation theorem, DSO derived 
from eq 3 an expression for the dynamical structure factor 
g(k, t )  as 

where k is the scattering vector, sk(u) the k-component 
of the normalized electric field of the light scattered from 
a rod with orientation u,  e k  the translational-rotational 
diffusion operator for a rod, and f i k  ek@k. Operator +k 
expresses the rod-rod interaction. The function +(u) and 
operators e k  and @k are defined by the following equations 

where L is the rod length, u the number concentration of 
the rods, and Wk(u, u’) the Fourier transform of W(r - 
r’, u,  u’). Assuming the rigid-body interaction potential 
for W(r - r‘, u,  u’), we have 

(8) 

where b is the rod diameter. 
Unfortunately, it is difficult to evaluate eq 4, and DSO 

gave exact expressions only for two limiting cases, i.e., k - 0 and t - 0. The DSO theory in these two cases 
qualitatively agreed with experiments, which encouraged 
us to rewrite their expression in a more tractable form. In 
order to compare the DSO theory with experiments, we 
do need an expression for g(k, t )  which can be evaluated 
straightforwardly in the entire region of k, t ,  and u. 

The aim of this paper is to give an expression for g(k, 
t )  that satisfies such a requirement. The formulation given 
in this paper is nothing but a rewriting of the DSO theory, 
but it opens an easy path to computing the DLS spectrum 
of rod suspensions in the less dilute regime and will thus 
have practical importance. We also give expressions for 
the initial decay rate r k  and static structure factor, fol- 
lowed by results of numerical computation. Lastly, we 
discuss implications of the DSO theory through concen- 
tration and angular dependence of rk /k2  and compare the 
theory with a number of experimental observations. It will 
also be shown that the formulation given in this paper is 
an extension of the one previously derived for dilute sus- 
pensions of rigid rods.2 

2. Matrix Representation of g(k ,  t )  
Since operators e k  and @k transform the function sk(u) 

on the unit sphere, i t  seems a t  first sight that we have to 
use spherical tensors to express these operators. However, 
as will be shown later, we only need spherical harmonics 

Wk(u, u’) = 2bL21u x u’Isk(u)sk(u’) 

we have a column vector s, the lth element of which is 

where 

K = kL/2 (11) 

2.2. Matrix Representation of 8 k .  Since cos2 6 = 
and j l ( x )  is the lth-order spherical Bessel function. 

(1/3)(2(4~/5)’/2Y2,0(u) + 11, we have 

where DG, defined by DG (20, + D,,)/3, is the self-dif- 
fusivity of the center of gravity of a rod. Let 8 be a matrix 
that corresponds to operator 8%. We compute the ll’-ele- 
ment of matrix 8 as 

where we used the orthonormality of spherical harmonics 
and the fact that Yl,(u) is the eigenfunction of operator 
2 2 .  

We use a formula for the integral of three spherical 
harmonics3 

where C(ll1213;m,m2m3) is the Clebsch-Gordan or C coef- 
ficient. From the properties of the C coefficient that 

unless 

it is evident that ell, = 0 unless the subscripts 1 and I’ have 
the same parity. From the triangular condition for the 
coupling of 11, 12, and l3 (the C coefficient vanishes unless 
l3 = 1, + 12, 1’ + l 2  - 1, ..., - i21), it is also clear that eLP 
= 0 unless 1 = l’or 1’f 2; i.e., 8 is a tridiagonal matrix. 
Racah’s expression3 for C(111213;OOO) is very useful when we 
derive an explicit form of 8 , .  

C(111213;OOO) = 0 1, + l2  + l3 is even 
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where l1 + l 2  + l 3  is an even integer and 
7(x) = (x/2)!/(x!)’/2 

After some rearrangement, matrix 8 is expressed as 
0 = D,k2E + D,(R + p2T) (15) 

where E is an identity matrix, R a rotational eigenvalue 
matrix, T a symmetric tridiagonal matrix that expresses 
the anisotropic translation, and p2 the coupling constant 
between R and T. 

Rilt = l(1 + 1)6il, (16) 
l(1 - 1) 

(21 - 1)[(21 - 3)(21 + 1)]1/2 
(17) Tl.l-2 = Tl-2,l = 

212 + 21 - 1 
Tu = (21 - 1)(21 + 3) 

p2 = (DEI - D , ) k 2 / D ,  (19) 

2.3. Matrix Representation of B,k Let W be a matrix 
Matrix elements Tli, with 1 # l’, 1’ f 2 are all zero. 

that corresponds to the operator 

ws,(u) = (1/47r2bL2)Jdu’ wk(u, u’)Sk(u’) 

To compute the ll’element of matrix W, we use a formula4 
that expresses lu X u’l in terms of spherical harmonics 
Iu x u’l = 

(20) 
where (2n)!! = 2n(2n - 2).. ‘4.2, (2n - l)!! = (2n - 1)(2n - 
3) -. 3.1, and O!! = (-l)!! = 1. 

Using eq 20, we have 

where we used eq 13 and the properties of the C coefficient 
that 

C(111213;mlm2m3) = 0 unless m3 = ml + m2 

Dynamical Structure Factor of Rodlike Polymers 1883 

We have now an explicit form of matrix W as 

(22) 

where sT is the transposition of the column vector s, P a 
symmetrical matrix, and Q a diagonal one: 

1 
2 

W = - S S ~  - P Q P  

p - 1 (p - 3)!! 
Qpp = P + 2  -[ T] for P = 2, 4, ... (24) 

The index n of summation in eq 23 runs through even 
integers from Ip - 11 to p + 1. Matrix P is symmetrical 
because of the symmetry of the C coefficient 
C(111213;mlm2mJ = 

Matrix elements Q with p = 0 and odd p are all zero. 
Using eq 22, we ,as& have matrix B, that corresponds to 
operator @k as 

B, = E + avbL2W (25) 
Expressions for matrix W in the limit of k - 0 and k - 

are given in the Appendix. 
2.4. Eigenvalue Problem and  Matr ix  Representa- 

tion of g(k,t) .  Let Q be a matrix that corresponds to 
operator & Using eq 15 and 25, we simply have Q = 0@. 
Let U and A be the eigenvector and eigenvalue matrices 
of Q, respectively: 

QU = UA 
Since exp[-Q t’l = U exp[-A t1U-l and since exp[-A t l  is 
a diagonal matrix, we can easily carry out the integration 
in eq 4 with respect to t’: 

g(k,t) = L J - d t ’ s W  exp[-AtlU-’0s = 
t 

L s W  exp[-A t]AW-’0s = L s W  exp[-A t]U-’@-’s 
(26) 

The main result of this paper is eq 26, which gives the 
dynamical structure factor in the matrix representation. 

2.5. Initial Decay Rate. We can easily derive from eq 
26 an expression for the initial decay rate r k  -[lime, 
(d/dt) g(k,t)]/g(k,O). The denominator g(k,O) is the static 
structure factor given by 

g(k,O) = LsTB,-’s (27) 
As regards the numerator, it  is evident that 

lim (d/dt) [U exp(-At)U-’] = -UAU-’ = -Q 
t-4 

Therefore we have an expression for r k  without any de- 
tailed information on A and U: 

rk = (sT8s)/(sT@-’s) (28) 
From eq 15 and 28, we easily have an expression for the 
apparent diffusion coefficient r k /  k2 as 
r k / k 2  = [DG + (L2/12)D,f1(K) - 

(011 - D,)(1/3 - f2(K)IlA(kL,v) (29) 

where 

A(kL,v) = (sTs)/(sTW1s) (30) 
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f l  ( K )  = ( 3 / p )  (sTRs) / (sTs) (31) 

fz(K) = (sTTs)/(sTs) (32) 

and K is defined in eq 11. The square of the vector s,sTs, 
equals the particle structure factor5 S(kL)  Cevenl(21 + 
l)bl(K)?. The quantity A(kL,u) expresses the ratio of rk 
to that of zero polymer concentration, if Dll, D,, and D, 
do not depent on the rod concentration u. Since 9 = E 
at  u = 0, it is evident that A(kL,O) = 1. Equation 29 with 
A(kL,O) = 1 agrees with the one previously given,2 where 
f,(K) and f2(K) are also tabulated. Limiting values of f l ( K )  
and f2(K) a t  K - 0 and K - m are f l (0)  = 0, f l (a)  = 1, 
fA0)  = and f2(a) = 0. 

3. Numerical Methods 
3.1. Representations of the Vector s and Matrices 

in a Computer Program. So far, subscripts of the ele- 
ments of the column vector s and various matrices that 
appear in eq 26 are assumed to run from zero to infinity. 
However, it is out of the question that when we translate 
the equation into a computer program, we have to truncate 
the subscript value at some “sufficiently” large integer N. 
But, how large must N be to be “sufficiently” large? In 
relation to this question, there is one thing to be noted, 
i.e., the way in which we construct the vector s and relevant 
matrices. 

It is important to notice that we can neglect the odd- 
subscript elements of the vector and matrices in eq 26. 
Suppose we already know an even value of N. Then, we 
construct the column vector s as 

(33) 

and a matrix M, which represents any of the matrices in 
eq 26, as 

s = (so, s2, s 4 ,  ..., S d T  

i“: Mo,z ... ... M0a-z M2f-2 q) (34) 

M =  . 
MN,O M N , ~  ... M ~ f l - 2  MN,N 

The reason for completely leaving out odd-subscript ele- 
ments from the vector and matrices is because matrix 
elements of 8 and W having subscripts with mixed parity 
are all zero, as shown in eq 15-18 and eq 22-24. This fact 
guarantees that there is no coupling between even- and 
odd-subscript elements of s after multiplication of the 
matrices to the vector s from the left. Since only the 
even-subscript elements of s contribute to g(k, t) (cf. eq 
91, we can completely neglect odd-subscript elements from 
the vector and matrices in eq 26. Note that the actual size 
of M is [(N/2) + 1, (N/2) + 11, but we still use the Nvalue 
to denote the size of the matrices. 

Armed with these mathematical considerations, we can 
answer the question posed above about the appropriate 
value of N. In the case of a dilute solution, this question 
has been already answered:2 When u = 0, we solve the 
eigenvalue problem for 8, because fl = 8. Let N’be the 
smallest even integer that satisfies (2” + 1 ) b W W 2  I 
104sTs. Then, N = 2N’ is large enough to give N inde- 
pendent eigenvalues A, of 8 for p I N‘. With this N value, 
we can compute g(k, t) with high accuracy, i.e., within a 
relative error of lo*. During the course of this study, we 
found that this N value is also large enough to give N 
independent eigenvalues A, of fl for the reasonable con- 
centration range of 0 I u I y*, where u* (=16/rbL2) is the 
characteristic concentration above which the isotropic 
phase becomes unstable.6 The reason why this N value 
is valid also for the semidilute case is because the con- 
tribution of matrix W to matrix 9 (=E + xubL2W) is 
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always limited to the upper left corner of the matrix. 
When kL << 1, matrix 9 almost equals E except am, be- 
cause all off-diagonal elements of W are negligibly small, 
and the magnitude of the diagonal ones decreases as W,, 
N O(l/n2). When kL I 40, the relation CP i= E holds fairly 
well, because the order of magnitude of the every element 
of W is smaller than 0.005. (See also eq A.2). In the 
intermediate region of kL, elements of W larger than 0.01 
are confined to the upper left region of W, the size of which 
is smaller than 5 X 5. These properties of CP ensure that 
only the lowest few eigenvalues of fl are affected even in 
the highest concentration range. The N value determined 
by N = 2N‘ is large enough to give N independent eigen- 
values A, of fl for p I N’and 0 5 u I u*. 

3.2. Algorithms. We computed g(k,t) and I’k on a 
16-bit microcomputer equipped with an 80286 processor, 
80287 math coprocessor, and 640K bytes of memory. 
Figure 1 shows the flowchart of our program, which is 
coded in FORTRAN77. The program computes g(k,t) at  
delay times of 0 s and 1 ys to 0.5 s in steps of 1, 2, and 5, 
in total of 19 points. The time typically required for the 
calculation of 19 values of g(k,t) at  kL = 4 was less than 
2 min on our microcomputer running at  8 MHz of clock 
speed.7 The computation time increases for larger kL 
values. Another program, using the method of spline in- 
terpolation,12 approximately recovers the profile of g(k,t) 
from a table of In [g(k,t)] computed as above. Using about 
250K bytes of memory, we could solve the eigenvalue 
problem of the maximum size of N = 160 in double pre- 
cision. 

The following are the major subroutines in our program: 
To compute j l ( x ) ,  we used DJSPHB: which is based on the 
backward recurrence formula for j , ( x )  or Miller’s device.13 
To compute bl(K), we used a formula2 for the integration 
of j d x )  

and the subroutine DSICI* that gives the sine integral Si(x) 
= 16 sin t / t  dt. The subroutine RG9 solves the eigenvalue 
problem for the real general matrix fl and outputs the 
eigenvalues A, for p = 0, 2, ..., N a n d  eigenvector matrix 
U. DGECO and DGECP together compute the inverse of 
matrices U and 9. 

3.3. Numerical Computation. In order to see the 
overall features of the present theory, we numerically 
computed A(kL,u) and eigenvalues of fl. The former shows 
how the initial decay rate is influenced by the rod-rod 
interaction, and the latter shows how the effect is dis- 
tributed among various eigenmodes. Table I shows A(kL,u) 
as a function of kL and u/u*. 

Note two points in Table I. (1) When the kL value is 
fixed, the u dependence of A(kL,u) is almost linear: 

A(kL,u) = 1 + m(kL)u/v* (36) 
The value of m(kL) is smaller for larger kL values: m(0) 
= 8, m(5) = 4.33, n(10) = 2.11, and m(15) = 1.39. Table 
I1 shows m(kL)  as a function of kL. It is rather easy to 
show that m(kL) = 8(sTs) - O((kL)4) - O ( u / u * ) ;  Le., the kL 
dependence of m(kL)  is mainly determined by the sTs 
term. (2) Though Table I includes only positive values of 
A(kL,u), the A(kL,u) value for U/U* 1 1 becomes suddenly 
negative within f O . O 1  of a certain kL value. The negative 
A(kL,u) is, of course, unphysical and corresponds to the 
fact that the isotropic phase is unstable a t  this concen- 
tration. 

Table I11 shows eigenvalues of 52 at  U/U* = 0.1 normal- 
ized by those at  u /u*  = 0.0. We can see from Table I11 that 
only the lowest few eigenvalues are affected for kL I 20 
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Table I 
A(kL,v) as a Function of kL and v / v *  (v*  2 16/rbLZ)  

A(kL,u) at ufu*  = 
kL STS 0.01 0.02 0.05 0.1 0.2 0.5 1.0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 

0.9728 
0.8973 
0.7902 
0.6724 
0.5627 
0.4727 
0.4056 
0.3577 
0.3228 
0.2949 
0.2705 
0.2487 
0.2296 
0.2135 
0.2001 

1.0778 
1.0717 
1.0628 
1.0528 
1.0433 
1.0354 
1.0297 
1.0258 
1.0232 
1.0211 
1.0193 
1.0176 
1.0161 
1.0149 
1.0139 

1.1556 
1.1434 
1.1257 
1.1057 
1.0866 
1.0708 
1.0594 
1.0517 
1.0464 
1.0423 
1.0386 
1.0351 
1.0322 
1.0297 
1.0278 

1.3891 
1.3585 
1.3141 
1.2641 
1.2164 
1.1771 
1.1484 
1.1292 
1.1160 
1.1056 
1.0963 
1.0878 
1.0804 
,1.0743 
1.0694 

Table I1 
m ( k L )  as a Function of kL 

kL m(kL)  kL m(kL) kL m(kL) kL m(kL) 
0.0 

1.0 
2.0 
3.0 
4.0 
5.0 

6.0 
7.0 
8.0 
9.0 

10.0 

8.000 00 

7.781 50 
7.169 15 
6.281 06 
5.27906 
4.325 47 

3.539 50 
2.967 49 
2.582 65 
2.318 16 
2.11093 

11.0 
12.0 
13.0 
14.0 
15.0 

16.0 
17.0 
18.0 
19.0 
20.0 

1.92606 
1.756 16 
1.607 58 
1.485 84 
1.388 44 

1.306 77 
1.232 47 
1.16195 
1.096 32 
1.038 16 

21.0 0.98833 
22.0 0.94498 
23.0 0.90520 
24.0 0.86705 
25.0 0.83053 

26.0 0.79678 
27.0 0.76664 
28.0 0.73978 
29.0 0.71500 
30.0 0.69119 

31.0 0.66807 
32.0 0.64614 
33.0 0.62600 
34.0 0.60771 
35.0 0.59076 

36.0 0.57449 
37.0 0.55860 
38.0 0.54326 
39.0 0.52888 
40.0 0.51562 

a 0.00000 

Table I11 
Normalized Eigenvalues of Q at v /v*  = 0.1 

mode number 
kL 0 2 4 6 8 10 

0.2 1.79911 0.90018 0.98752 0.99610 0.99829 0.99910 
2.0 1.71593 0.91715 0.98932 0.99668 0.99855 0.99924 

20.0 1.03369 1.01024 1.01967 1.02933 1.00554 0.99970 

by the mean-field potential W. A t  kL = 0.2, normalized 
eigenvalue A p / X p , o  initially wiggles around 1.0 and ap- 
proaches unity with increasing mode number p ,  and for 
higher kL values, the amplitude of the wiggling becomes 
smaller. This wiggling behavior does not come from the 
translational-rotational coupling, but from the structure 
of matrix W itself, because, even when we put D,, = D,, 
the results are not much different from those in Table 111. 

From these results, it is clear that the mean-field 
hard-rod interaction potential affects only the spatially 
long and temporarily slow modes of fluctuations in the 
solution. This is a natural consequence of the form of the 
interaction potential wk(u,u’) given in eq 8. The Iu X u’I 
term in wk(u,u’) is proportional to the probability that 
two rods with orientation u and u‘ collide with each other. 
The sk(u) and sk(u’) terms express the weights of the 
collision to be “seen” in scattering experiments. When kL 
is large, only the collision of two rods, both of which are 
perpendicular to k, contributes to wk(u,u’), but the ratio 
of such collision in the whole collisional events is small. 
The weight terms sk(u) and sk(u’) make the effect of the 
potential wk(U,u’) weak on higher eigenmodes and/or for 
large kL. 
4. Discussion 

In order to clarify the implications of the DSO theory, 
we first discuss the concentration dependence of rk/k2.  
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4.1. Concentration Dependence of rk/k2 at k = 0. 
In this section, we summarize the classical theory of the 
concentration dependence of the mutual diffusion coef- 
ficient *DG, the value of which we obtain by extrapolating 
to k = 0 the apparent diffusion coefficient *Dk = rk/k2 
measured by the dynamic light scattering method. 

The mutual diffusion coefficient *DG is dependent on 
the polymer concentration:14 

kBT 
i-” 

*DG = -(1 - 02c)(l + 2AzMc + ...)/( 1 + kF + ...) 
- ”  

(37) 
where c is the weight concentration of the polymer, lo the 
zero concentration friction coefficient, Dz the specific 
volume of polymer of molecular weight M ,  Az the osmotic 
second virial coefficient, and the factor (1 + kF + ... ) 
expresses the change in friction due to direct physical 
hindrance and/or hydrodynamic interaction. The super- 
script * of *DG denotes that this quantity includes the 
thermodynamic interaction term (1 + 2A2Mc + ...). 

We have no theory that successfully predicts the 
strength of k, Though a theoretical expression16 for k, is 
available 

k, = (3b/3q) (3A2NA1lz/ 2 ~ ) ~ / ~ M 1 / ~  (38) 
where q is the solvent viscosity, a comparison of eq 38 with 
sedimentation and light-scattering data of a-helical poly- 
peptides” revealed that this equation was valid only 
qualitatively. Doi and Edwards’* (the DE theory) esti- 
mated the diffusion coefficients of rodlike polymers in the 
strongly entangled state as 

Dll DIl,o, D, 0, Dr N D,,0(vL3)-’ (39) 

Equation 39 was expected to work in the concentration 
range of 1 << vL3 << Llb, but the observed data for D, 
seems to be fitted by an empirical e q u a t i ~ n ’ ~ ~ ~ ~  

Dr = Dr,o/[1 + P(vL3)’I (40) 
where 0 is a constant of the order of A precise 
evaluation of the concentration dependence of the D,,, D,, 
and Dr values has been done neither on the whole nor 
individually. 

Though the friction coefficient { may be written as 
{ = c0(l + kF + ...) (41) 

the linear approximation with respect to c is not valid when 
the polymer concentration is high. We shall consider 
hereafter the friction coefficient { as a function of the 
polymer concentration c, the approximate form of which 
is given by eq 41 valid only when c is low. 
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(F) 
Input Model 
Parameters. 

I and/or v. I 
I 

Compute 

flu = UA. 

Figure 1. Flowchart of the numerical computation of eq 26. 
Notes and comments: All computations were done in double 
precision. (a) Model parameters are L, b, D,, D,, D,, kL, and v. 
(b) To compute s, we used the subroutines DJSPHB and D S I C ~  that 
compute j l ( x )  and Jg sin t / t  dt, respectively. To compute the 
eigenvalues of the real symmetrical tridiagonal matrix e, we used 
the subroutine IMTQL~.~ To compute matrix W, we used the 
subroutine CLEBSH that computes the c coefficient c(ll&;OOO) 
(eq 14). (c) To solve the eigenvalue problem for matrix Q, we used 
the subroutine RG.’ Since RG returns the real part of the eigen- 
values not exactly sorted, we used an indexing subroutine INDEXX 
to sort the eigenvalues exactly in the ascending order.I0 Though 
matrix Q is in general nonsymmetrical for v > 0, we have not 
obtained complex eigenvalues so far. To compute the inverse of 
matrices U and e, we used the subroutines DGECO and D G E C I . ~ ~  
(d) We computed g(k,t)  at delay times of 0 s and 1 c(s to 0.5 s in 
steps of 1, 2, and 5. PCUBIC and PSPLINE’~ recovered and ap- 
proximated the value of g(k,t)  at an arbitrary value of t 5 0.5 s 
from a table of In [g(k,t)] computed as above. 

It should be noted that when we apply eq 31 to a rig- 
id-rod suspension, we have to replace the frictional term 
kBT/ l  with an average of the lengthways and sideways 
components: 

The (1 - D2c) term in eq 43 is almost equal to 1 in the 
present case, because 
DZC = DZ(M/NA)u = (*/4)vb2L I 

(r/4)v*bZL = 4b/L << 1 

where we assumed that the polymer is a solid rod with no 
solvation. 

We express the concentration dependence of *DG as 
(44) 

Since we do not know the functional form of Cll(c) and 
Cl(c), we use eq 41 to discuss the strength of kD. Using 
eq 41 and ignoring terms of order c2 or higher, we have a 
relationship between parameters kD, 2A&, D2, and k, given 
by 

where k, is the weighted average of k,,,l and ktl: 

*DG = D~,o(1 + kDC + .,.) 

kD = 2A2M - 02 - k, (45) 

k.? = [(1/3)Dll,0kf,ll + (2/3)D.l,0k{,.ll/DG,0 (46) 

So far, our discussion is limited to k = 0. Therefore eq 
37-46 are valid only a t  k = 0. 

Concentration Dependence of rk/k2 for 
Arbitrary k. Now we will show that eq 29 is a general- 
ization of eq 42 for arbitrary values of k. From eq A.6, we 
have an approximated form of A(k,v) a t  k - 0 and u - 
0 as 

4.2. 

lim A(kL,v) = 1 + 2 
k-Q 
A 

Since the osmotic second virial coefficient for a solid rod 
su~pension’~ is given by A2 = (1r/4)bL2NA/W, we have 

(47) 

The factor A(kL,v) reduces to (1 + 2A2Mc + ...) a t  k - 
0, but the factor A(kL,v) itself is defined for arbitrary 
values of kL. Comparing eq 36 and 47, we generalize the 
osmotic second virial coefficient Az as a function of kL: 

A(kL,v) 1 + 2A,(kL)Mc + ... (48) 

lim A(kL,u) = 1 + 2A2Mc 
k-0 
I.--o 

(49) 

Since fi(0) = 0 and fz(0) = in eq 29, we have the limiting 
form of eq 29 as 
lim *Dk = [(1/3)Dll + (2/3)0,](1 + 2A2Mc + ...I (50) 

Equation 50 agrees with eq 42 with the definition of 
k-0 

kBT 
Di = -(1 li - Dzc) 

where the value of the subscript i is “II”, ”I”, or “r”. Note 
that diffusion coefficients used in the DE theory (eq 39) 
do not include the A(kL,v) term and are the self-diffu- 
sivities given by eq 51. 

We rewrite eq 29 as a weighted sum of diffusion coef- 
ficients: 

*Dk = W,l*D,, + W,*DI + Wr(L2/12)*D, (52) 

where *D, for i = “/I”, “I”, “r” are DIIA(kL,v), DIA(kL,v), 
Dp(kL,v), respectively. The weights W; for i = “I(” ,  “L”, 
“r” are f 2 ( K ) ,  (1 - f z (K) l ,  f l (K) ,  respectively. Each *Di is 
dependent on the polymer concentration and is expressed 
by an equation similar to eq 31: 

(53) 

The (1 - Dzc) and A(kL,v) terms are common to all *Di’s, 
but the Ci term is not. 

In analogy with eq 44, we write 
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*Dk = + kD(kL)C + ...) (54)  

where the parameter kD is a function of kL. 
A t  first, we discuss the initial portion of the concen- 

tration dependence of *Dk, where the linear approximation 
with respect to c is valid for eq 41. Discussion on the 
strength of kD(kL) can be done similarly to the one pre- 
viously made for kD. Using eq 41 and ignoring terms of 
order cz or higher, we have a relationship for kD(kL)  as 

kD(kL) = 2Az(kL)M - 02 - k,(kL) (55) 

where k,(kL) is the weighted average of k,,i: 
k,(kL) = [W,lDll,Okf,,, + W,D,,ok,,, + 

Wr(Lz/12)Dr,0k,rl /Dk,O (56) 
The quantity k,(kL) depends on kL,  because the weights 
W:s are functions of kL. Note that kD(kL) is a decreasing 
function of kL, because (i) Az(kL) is a decreasing function 
of kL as shown in eq 49 and (ii) k,(kL) is expected to be 
an increasing (or, a t  least, nondecreasing) function of kL. 
The latter point can be easily seen, if we note 

kr(0) = (k{,ll + k< , ; , ) / 2  k&m) = (kc,, + k , r ) / 2  

where we assumed a relationship 0.5Dll,o = D,,o = (Lz/  
12)D,,, for the long rod limit. Since the relation k , , ,  5 (k,,l 
and k,,$ is likely to hold, the function k,(kL) would be an 
increasing function of kL. Even when kfj are all equal, the 
function k,(kL) is constant irrespective of the kL value. 
Other cases, such as k , , ,  I (k , , ,  and k , , ) ,  are unlikely. 

Next, we consider the *Dk value when the polymer 
concentration is high. Even when c is high, the linear 
approximation for the A(kL,u) term with respect to c is 
valid (cf. eq 36). If the linear approximation is also valid 
for all li when c is high, *Dk would finally reach a constant 
level of Dk,02A2(kL)M/k,(kL),  where we set the ( 1  - Uzc) 
term to unity. If all Ti are to be approximated with pol- 
ynomials of order n I 2 for high c ,  the *Dk value would 
decrease to zero when c is high. When 2Az(kL)M > k,(kL) 
in this case, *Dk would go through a maximum and then 
decrease with increasing concentration. If the linear ap- 
proximation is valid for one of li, but others are approx- 
imated with polynomials of order n higher than one, *Dk 
would eventually reach a constant level higher than zero 
with increasing c. Whether *Dk goes through a maximum 
before reaching the constant level would depend on the 
relationship of the magnitude of the 2A2(kL)M and kf,; 
terms. When reliable data of *Dk are available for a wide 
range of the polymer concentration, the above considera- 
tion will serve as a guide to interpreting the concentration 
dependence of *Dk. 

4.3. Concentration Dependence of Each D ,,, D ,, 
and D,. It should be pointed out that by use of eq 52 (or 
eq 55 when linear approximation with respect to c is valid), 
we have the possibility of studying the concentration de- 
pendence of each Di. Suppose we have DLS data for rod 
suspensions in a wide range of concentrations and scat- 
tering angles. Since the functional forms of Wi and A(kL,u) 
in eq 52 are known, it is possible to determine the con- 
centration dependence of D; separately. Data analysis 
would proceed as follows: (i) Since the contribution of *D,, 
to *Dk is small when kL I 10 (cf. Table I of ref 2) and the 
kL dependence of A(kL,u) is weak for kL I 10, the D ,  and 
D ,  values would at  first be determined by using data a t  
different scattering angles in this kL region; (ii) next, the 
D,,  value would be estimated, by using the data for kL 5 
10; and (iii) after repeating steps i and ii several times, 
reasonable values for D, , ,  D, ,  and D ,  would be estimated. 
When the data for kL 2 10 are not available, the situation 
would be a little more complicated because of the simul- 
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taneous contribution of the three diffusion coefficients and 
the stronger kL dependence of the A(kL,u) term, but data 
analysis would be still possible. Comparison of computed 
and observed correlation function profiles would also be 
useful in judging the consistency of the estimated param- 
eters. 

4.4. Comparison with Experimental Observations. 
We shall compare the DSO theory with experimental data 
for poly(y-benzyl L-glutamate) (PBLG)21 and fd v i r ~ s . ~ ~ * ~ ~  
Our discussion is rather qualitative, because real macro- 
molecules, such as PBLG and fd virus, are more or less 
flexible, but the theory assumes the polymer to be a per- 
fectly rigid rod. The comparison, however, will be useful 
to our understanding of the implications of the theory, and 
it will also give us some hints on how to interpret the DLS 
spectrum of rodlike polymers in less dilute solutions. 

RUSSO, Karasz, and Langleyz1 extensively studied solu- 
tions of PBLG in N,N-dimethylformamide (DMF) in a 
very wide concentration range (4 C uL3 C 1500 or 0.04 C 
ubLz C 15) using the dynamic light scattering technique. 
We briefly summarize their work here. 

1. Physicochemical parameters for one of their samples 
are M = 3.0 X lo5 Da (Da = dalton), U p  = 0.791 cm3/g, and 
L = 205.5 nm. 

2. The virial coefficient, measured with the static light 
scattering method, is Az = 3.1 X 10" (cm3 mol)/g2, which 
is within 3% of the excluded-volume limit (=3.2 X lo4 (cm 
mol)/g2) calculated for a rod of geometric (as opposed to 
hydrodynamic) diameter b, = 1.4 nm.24 

3. The DG value extrapolated to infinite dilution is 
within 10% of the value predicted by the Kirkwood- 
Risemanz5 or Broersmaz6 equations, with hydrodynamic 
diameter bh = 2 nm. 

4. The apparent diffusion coefficient *Dk increases with 
concentration, but the increase is weaker at higher 6 than 
at  lower 6 (cf. Figure 10 of ref 21), where 6 is the scattering 
angle. The kD value a t  6 = 90' (kL = 4.0) is 11 cm3/g. 

5. Though the initial decay rate r k  increases with 
concentration, the correlation function has a slow tail when 
uL3 I 100; i.e., high concentration correlation functions 
become extremely nonexponential. 

6.  Russo et al. concluded that k ,  was a decreasing 
function of the concentration c (cf. Figure 9 of ref 2 1 ) .  The 
average of k,(c) applicable to most of the measured con- 
centration regime was k ,  = 174 cm3/g. They further 
computed D' E Dk,,(l - U2c)/(1 + k,(c)c) and showed that 
for uL3 I 100, the D' value decreased below (1/2)Dk,o,  the 
lower limit of the prediction of the DE theory. They as- 
cribed the smallness of the D' value to filament flexibility 
and finite diameter. 

The fd virus is a semiflexible filamentous virus, the 
physicochemical properties of which are well character- 

We studied the DLS spectrum of the virus sus- 
pensions in dilute and semidilute  regime^.^^^^^ Summary 
of experimental data is as follows: 

1.  Physicochemical parameters for the fd virus are A4 
= 1.64 X lo7 Da, ij2 = 0.720 cm3/g, and L = 895 nmaZ7 

2.  The virial coefficient is A2 = 0.97 X (cm3 mol)/g2, 
which gives the geometric diameter b, = 6.8 nm.28v29 

3. The hydrodynamic diameter estimated from the D G , ~  
and Dr,O values is bh = 9 nm.27 

4. The apparent diffusion coefficient *Dk slightly in- 
creases with concentration at  6 = 10.3" but decreases when 
6 L 30'. The kD value is 31.7 cm3/g at  6 = 10.3' ( k L  = 
2.75) but -98.3 cm3/g at 0 = 90' (kL  = 22).30 The k,value 
is 225 cm3/g.27 

5 .  A long tail of the correlation function appears with 
the increase of the virus concentration.zz 
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6.  Using the values of *Dk at 8 = 10.3' for various virus 
concentrations as the concentration-dependent transla- 
tional diffusion coefficient *DG, Fujime et al.23 evaluated 
*D,, and * D I .  Following the DE treatment, they intro- 
duced an adjustable parameter p (51) to reduce the ro- 
tational diffusion coefficient at  high concentration. Using 
the values of *Dll, *DI, and /3Dr,o, they simulated the r k / k 2  
versus k2 relationships and could obtain satisfactory results 
over the entire range of k2 and virus concentrations studied 
so far. In order to interpret the long tail of the correlation 
function, they introduced a translational diffusion coef- 
ficient D L  at a long-t region, based on an analogy with 
Pusey's expression of g(k,t) for a concentrated suspension 
of highly charged spheres strongly interacting with each 
other.31 

We can learn much from these experimental observa- 
tions and efforts to interpret DLS data. 

1 .  The DSO theory assumes the polymer to be a solid 
rod. If a theory based on such mechanical considerations 
is to apply to macromolecular solutions, models of the 
solutions must be constructed in which the polymers ap- 
pears as solid particles.32 In this respect, care must be 
taken in choosing the value of the rod diameter 6. The 
b value included in matrix @ should be the geometrical 
diameter b, that gives the correct A2 value at  k = 0. 
Likewise, the zero concentration friction constant c0 in eq 
37 should use the hydrodynamic diameter bh. The b value 
computed from D2 = (7r/4)b2L(NA/M) is 1.6 nm for PBLG 
and 5.3 nm for fd virus, which are different from both b, 
and b h  values of these polymers. 

2.  The kD value of both PBLG and fd virus is smaller 
at  larger scattering angle. This behavior qualitatively 
agrees with our postulate that the function kD(kL) is a 
decreasing function of kL. 

Let us consider the case of fd virus. The value of 
2A2(kL)M at 0 = 10.3O ( k L  = 2.75) is not equal to 2A2M 
= 2(0.97 X 10-5)(1.64 X lo7) = 318.2 but (6.51/8)318.2 = 
258.9, because m(kL) at kL = 2.75 is 6.51. Using the values 
of 258.9,31.7, and 0.720 cm3/g, respectively, for 2A2(kL)M, 
kD(kL), and D2 at B = 10.3O, we have k,  = 226.5 cm3/g. This 
k ,  value is very close to the observed k,  value (=225 cm3/g). 
If the fd virus were perfectly rigid, we would observe a 
smaller r k / k 2  value at  kL = 22 without contribution of the 
bending modes, and this would further decrease the kD 
value from -98.3 to roughly -135 cm3/g. Using eq 55, we 
can interpret this large decrease of the kD value from 31.7 
cm3/g (at kL = 2.75) to -135 cm3/g (at kL = 22) as the 
decrease of the 2A2(kL)M term. In fact, since m(kL)  a t  
kL = 2 2  is 0.945, the value of 2A2(kL)M at kL = 22 is 
(0.945/8)318.2 = 37.6. The decrease of the 2A2(kL)M term 
from 258.9 to 37.6 exceeds that of the kD term. Since our 
theory assumes perfectly rigid rods, while the virus is 
semiflexible, more detailed comparison would be inap- 
propriate, but the above consideration strongly suggests 
the necessity to generalize the osmotic virial coefficient A,  
as a function of kL (and possibly the filament flexibility). 

3. When kL 5 4, the 2A2(kL)M thermodynamic term 
in eq 55 just slightly exceeds the (kr(kL) + u2) term, ac- 
counting for the modest increase in the apparent diffusion 
coefficient *Dk. For larger kL,  *Dk does decrease with 
concentration, because the 2A2(kL)M term decreases with 
the increase of kL,  while the (k,(kL) + D2) term remains 
constant or increases. In order to see the consequence of 
this fact, we simulated the effect of concentration increase 
on the correlation function profiles, taking as an example 
a hypothetical rod of the size of the PBLG used by Russo 
et al. The simulation procedure is as follows. ( 1 )  We use 
physicochemical parameters of the PBLG for the hypo- 

0 . 5 .  
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Figure 2. (a, Top) Profiles of simulated correlation functions 
g(k,t)/g(k,O) for suspensions of hypothetical rods of the size of 
the PBLG used by Russo et  al. (b, Bottom) In semilogarithmic 
form. Parameter values used are L = 205.5 nm, Dk,o = 1.33 X 

cm2/s, kL = 4, m(kL) = 5.279, up = 0.791 cm3/g, and k ,  = 
111 cm3/g. Using Broersma's equation with bh = 2 nm, we com- 
puted the D,,o values as Dc,o = 1.25 X cm2/s, Dil,o = 1.67 X 
lo-' cm2/s, D,,o = 1.05 X lo-' cm2/s, and (L2/12)Dr,0 = 0.774 X 

cm2/s. Upper curve: c = O mg/mL (vL3 = 0). Lower curve: 
c = 20 mg/mL (vL3 = 348). (vL3 = 17.4~ and U/U* = 2.397 X 10-2c 
with c in mg/mL.) See details in the text. 

thetical rod. (2 )  Since we do not know the individual kf,i  
value for the PBLG, we adopt the simplest assumption: 
All kf,i are equal, and k ,  is not dependent on kL. (3)  Using 
m(4)  = 5.279 and the values of 186, 1 1 ,  and 0.791 cm3/g 
for 2A2M, kD(kL), and D2 respectively, we have k ,  = 1 1 1  
cm3/g. We evaluate the Di values for several polymer 
concentrations with eq 51. (4 )  Using eq 26, we compute 
g(k,t) for several scattering angles. 

Figure 2 shows profiles of the simulated correlation 
function g(k,t)/g(k,O) at  kL = 4. It is clear that at  kL = 
4, the correlation function decays a little more quickly with 
the increase of the polymer concentration and shows no 
anomaly in the tail part even a t  uL3 = 350, where Russo 
et al. observed a slow tail. When kL is small, the DSO 
theory with the simplest assumption for kf , i  does not 
predict the appearance of the slow tail of the correlation 
function for uL3 h 100. 

The maximum kL value experimentally accessible with 
the PBLG sample is kL c! 5.5 at B = 150". Using eq 55 
with 2A2(5.5)M = (3.93/8)186 = 91.4 cm3/g, D2 = 0.791 
cm3/g, and k ,  = 111 cm3/g, we have kD(kL) = 91.4 - 0.791 
- 111 = -20.4 at kL = 5.5. We expect that the dynamic 
light scattering spectrum of the PBLG sample at  kL = 5.5 
would decrease more slowly with increasing the concen- 
tration. 

4. Kubota and Chum studied PBLG of molecular weight 
M = 26.8 X lo4 (PBLG-A) and 9 X lo4 (PBLG-B) Da in 
DMF using the dynamic light scattering method. They 
reported that *Dk of PBLG-A for kL < 2 initially increased 
with increasing concentration, but approached a plateau 
when uL3 L 400 (Figure 10 of ref 33). The *Dk of PBLG-B, 
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on the other hand, behaved quite differently from that of 
PBLG-A, Le., *Dk a t  first increased, went through a 
maximum a t  uL3 N 150, then decreased, and reached a 
constant level when uL3 2 230 (Figure 12 of ref 33). Russo 
et  al.’s *Dk,  however, linearly increased with the concen- 
tration up to uL3 = 1400 (Figure 10 of ref 21) .  Though, 
having these conflicting data, we might be able to say 
something about the concentration dependence of *Dk 
using a polynomial of various order for each ti, it is too 
early to say any conclusive statement about the functional 
form of ti valid for a wide range of the polymer concen- 
tration c.  

5. Russo et  al. did not take into account the kL de- 
pendence of A,(kL) and used 2A2M = 2(3.1 X 104)(3.0 X 
lo5) = 186 cm3/g for kL = 4 in eq 55. Since m(4) = 5.279, 
the 2A2(kL)M term is, in the light of the theory presented 
herein, to be evaluated instead as (5.279/8)186 = 123 
cm3/g. As a consequence, they overestimated the k ,  value. 
The prediction of the DE theory that the lower limit of 
the DG value is (1/2)DG,0 holds only a t  kL = 0. Russo et 
al. found that the D’ value decreased below (1/2)D4,0 f?r 
both kL = 1.5 and 4. Application of the DE prediction is 
appropriate for kL = 1.5 but not for kL = 4, because the 
contribution of the rotational mode is negligible a t  kL = 
1.5 but not a t  kL = 4. The weights Wi of D,, ,  D , ,  and 
(L2 /12)D,  at kL = 4 are not 2/3,  0, but 0.221, 0.889, 
0.189, respectively (cf. Table I of ref 2 ) ,  and the lower limit 

times as large as the Dk,o value, where we assumed a re- 
lationship 0.5Dll,o = D,,o = (L2/12)Dr,0 for the long-rod 
limit and put ( 1  - D2!) = 1. 

In spite of these minor corrections to their analysis, the 
main point in their conclusion is still valid: In a good 
solvent the repulsive thermodynamic interactions among 
rodlike polymers are sufficiently strong to cause an in- 
crease in the measured mutual diffusion coefficient. We 
would like to add one sentence to their conclusion: For 
larger kL, however, the magnitude of the thermodynamic 
effect becomes smaller, and the measured apparent dif- 
fusion coefficient r k / k 2  can decrease with the concentra- 
tion. 

6.  Fujime et  could fit the r k / k 2  versus k2 rela- 
tionships using *Dli,  *D, ,  and /3Dd and could also fit the 
long tail in the correlation function profile by introducing 
another parameter DL. Their *D’s implicitly include the 
contribution of the A(kL,u) term a t  f3 = 10.3’, and since 
they used these *Di values over the entire range of the 
scattering angles, they also did not take into consideration 
the kL dependence of the A(kL,u) term. 

Their analyses were mainly done in the region kL 2 10 
and U/U* I 0.2. In this kL region, the flexibility effect on 
the DLS spectrum fully appears, and we do not know 
whether our A(kL,u) for a rigid-rod solution is applicable 
to this case. But if we accept the assumptions that A(kL,u) 
for suspensions of semiflexible filaments may not be much 
different from that of rigid-rod suspensions and that the 
bending modes of the virus particles are not much affected 
by A(kL,u),  then we may think that in higher kL region, 
their *D’s would also decrease with concentration, but the 
contribution of the bending modes to r k / k 2  would remain 
constant. If this is the case, their DL and /3Dr,o would be 
the manifestation of the decrease of D ,  and D ,  with the 
increase of the virus concentration. The DSO theory would 
explain (at least, partly) the appearance of a long tail in 
fd virus data for larger kL values. 

5. Conclusion 
We obtained an expression for the dynamical structure 

factor of a semidilute solution of rodlike polymers, which 

Of Dk is (0.221 X 2)/(0.221 x 2 + 0.889 4- 0.189) = 0.291 
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enables us to evaluate such quantities as the static struc- 
ture factor, initial decay rate, and profile of the dynamic 
light scattering spectrum in the entire range of k, t ,  and 
u. It  was shown that our theory is a natural extension of 
previous two theories; one is the theory of the dynamic 
light scattering of dilute suspensions of rigid rods, which 
is valid for arbitrary k and t but only a t  u = 0, and the 
other is the theory of the concentration dependence of the 
mutual diffusion coefficient, which is valid for arbitrary 
u but only at  k = 0 and t = 0. 

Results of numerical computation show that the mean- 
field hard-rod interaction potential affects only the spa- 
tially long and temporarily slow modes of fluctuation in 
the solution. The quantity A(kL,u) is a generalization of 
the repulsive thermodynamic term ( 1  + 2 A a c  + ...), which 
successfully explains the angular dependence of kD. When 
kL is small, the repulsive thermodynamic interactions 
among rodlike polymers in a good solvent are sufficiently 
strong to cause an increase in the apparent diffusion 
coefficient rk/k2. When kL is large, however, the mag- 
nitude of the thermodynamic effect becomes small, and 
the apparent diffusion coefficient can decrease with the 
concentration. 

The present analysis raises the possibility of studying 
the Concentration dependence of D, , ,  D , ,  and D,, individ- 
ually. This possibility would open a new pathway to ex- 
perimentally studying Doi and Edwards’ guess that the 
self-diffusion coefficients of rodlike polymers in the 
strongly entangled state would be D,, N ~ , l , o ;  D ,  N 0, and 
D, N D , , ( v L ~ ) - ~ .  

-In order to apply the present theory to real polymers, 
it is highly desirable that we should extend the theory to 
semiflexible filaments. Efforts in this direction will appear 
in the near future. 

Acknowledgment. I thank Professor Masao Doi for 
useful discussion, who kindly sent a preprint of ref 1 .  I 
also thank Dr. Satoru Fujime, who read the manuscript 
and gave useful comments. I am grateful to Professor Paul 
S. RUSSO, who corrected the author’s misunderstanding to 
his work and suggested several improvements in the 
manuscript. 
Appendix A. Matrix W at k - 0 and k - OD 

We shall consider here the asymptotic form of matrix 
W in the limit of k - 0 and k - a. Let Wo and W, 
respectively be 

Wo 2 lim W 

W, = lim W 
k-0 

k - m  

It is easy to derive the form of matrix W at k - 0. Since 
j l ( x )  N x f / ( 2 1  + l)!! for x - 0, we have b f ( K )  N K f / ( l  + 
1) (21+  l)!! for kL << 1. Retaining only those terms in eq 
23 which have bo(K), we have 

where we used C(101;OOO) = 1. Matrix P becomes an 
identity matrix E in the limit k - 0. Therefore matrix 
Wo becomes diagonal and 

W o l p p  = 1 / 2  if p = O  
= -(Qjpp if p = 2, 4, ... (A.1) 

It  is not so easy to evaluate matrix W,, but using a 
numerical method, we can show that W ,  N O({kL}-2).  
Since limk,, j o (ks )  = (K /k )6 ( s ) ,  we have 

K lim bo(K) = lim - jo (ks)  ds = - 
k-m k-m L sL’2 -L/2 kL 
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Using eq 35 wi th  jl+l(K) 
K >> 1, we have 

(l/K) COS [K - (1 + 2)x/2] for 
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(8) DJSPHB and DSICI are subroutines in Nippon Data General’s 
Scientific Subroutine Package. 

(9) Smith, B. T.; Boyle, J. M.; Dongarra, J. J.; Garbow, B. S.; 
Ikebe, Y.; Klema, V. C.; Moler, C. B. Matrix Eigensystem 
Routines-EISPACK Guide. Lecture Notes in Computer 
Science, 2nd ed.; Springer-Verlag: Berlin, 1976; Vol. 6. 

(10) Press, W. H.; Flannery, B. P.; Teukolsky, S. A.; Vetterling, W. 
T. Numerical Recipes-The Art of Scientific Computing; 
Cambridge University Press: Cambridge, 1986. 

(11) Dongarra, J. J.; Moler, C. B.; Bunch, J. R.; Stewart, G. W. 
LINPACK Users’ Guide; SIAM: Philadelphia, 1979. 

(12) Conte, S. D.; de Boor, C. Elementary Numerical Analysis-An 
Algorithmic Approach, 3rd ed.; McGraw-Hill: Kogakusha: 
Tokyo, 1980. 

(13) Abramowitz, M.; Stegun, I. A. Handbook of Mathematical 
Functions- With Formulas, Graphs, and Mathematical Ta- 
bles; Dover: New York, 1972. 

(14) Yamakawa, H. Modern Theory of Polymer Solutions; Harper 
and Row: New York, 1971. 

(15) Zimm, B. H. J. Chem. Phys. 1946, 14, 164. 
(16) Fuiita. H.: Teramoto. A.: Yamashita. T.: Okita. K.: Ikeda. S. 

( 1  - l)!! 
l!! b[(K) = - b,(K) + O(K-2) 

We have  now an expression for matrix W, as 
w, = bo(K)2W, (A.2) 

where W, is a symmetrical matrix that holds only constant 
numerical coefficients 

W, = [(1/2)5iT - PQP] (A.3) 
( 1  - l)!! 

1511 = (-1)1421 + 1)1------ (A.4) l!! 
P 1 1 D  = 

(n - l)!! 
(-1)n/2(2n + 1)- C(pn1;000) 

n:even n!! 
(A.5) 

Since it was difficult to evaluate W, analytically, we nu- 
merically evaluated eq A.3. Resu_lts of computation showed 
that every mat r ix  elements of W, is less than or equal to 
O(1) in the order of magnitude. 

From eq A.l and A.2, it is evident  that at k - 0, matrix + is diagonal, and at k - m, matrix Q! reduces to an 
identity matrix, because every matrix element of W is 
O((kLJ-2).  From this, we have 

lim A(kL,v) 1 + xvbL2/2 (A.6) 

lim A(kL,v) N 1 + x~bL~/2.( .rr/kL)~O(l) (A.7) 

Supplementary Material Available: A source program, 
written in Microsoft FORTRAN V.4.01, that  computes g(k,t) a t  
delay times of 0 s and 1 ps to  0.5 s in steps of 1,2, and 5 and test 
input data and results of computation (77 pages). Ordering 
information is given on any current masthead page. See also ref 
7 .  
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